ABSTRACT This paper studies boundary control for exponential stabilization for a distributed parameter system, modeled by semi-linear parabolic partial integro-differential equations (PIDEs) in a 1-D spatial domain. A boundary controller based on boundary measurement is designed for exponential stabilization of the PIDE system, and it is implemented by controlling and measuring only one endpoint of the 1-D spatial domain. With the Lyapunov direct method and Wirtinger's inequality, a sufficient condition for exponential stabilization of the PIDE system with a given decay rate is investigated. Dealing with a special case of PIDE systems, one lemma called Yang inequality is proposed, and a new less conservative sufficient condition is investigated. An example with two cases is given to show the effectiveness and less conservativeness of the proposed methods by using Yang inequality.
I. INTRODUCTION
Over the past few decades, the issue of partial integrodifferential equations (PIDEs) has received a great deal of attention for its application to many areas, for example, gene regulatory networks [1] , jump-diffusion models in economic fields for pricing participating products [2] , pricing pension plans [3] , pricing options [4] and so on.
Numerical solutions of many kinds of PIDEs have been solved by effective methods including finite element methods [5] , shifted Legendre polynomials methods [6] , projection methods [7] and Haar wavelet methods [8] . However, few studies contributed to the dynamical analysis of nonlinear distributed parameter systems based on PIDEs. Agarwal et al. proposed a stability analysis method of PIDE systems [9] . Yan and Zhang studied asymptotic stability of fractional impulsive neutral stochastic PIDE systems with state-dependent delay [10] . Bahuguna et al. researched asymptotic stability of fractional impulsive neutral stochastic PIDE systems with infinite delay [11] . On controllability of PIDE systems, there are also several good results obtained. Yan and Lu investigated the existence of an optimal control for fractional stochastic neutral PIDE systems with infinite delay [12] and then proposed approximate controllability of multi-valued fractional impulsive stochastic PIDE systems with infinite delay [13] . Zhou studied integral-type approximate controllability of linear parabolic PIDE systems [14] .
When a PIDE system cannot achieve stability by itself, controllers are designed in the system for stabilization [15] , [16] . Frerick et al. gave necessary optimality conditions for the control of PIDE systems [17] . Wang et al. proposed a distributed fuzzy proportional-spatial integral (P-sI) controller in nonlinear PIDE systems [18] , [19] . Yang et al. proposed a distributed spatial proportional-integral-derivative (SPID) controller for PIDE systems with time-delays [20] . Smyshlyaev and Krstic studied a boundary controller based on distributed measurement for PIDE systems by using the backstepping method [21] . However, to authors' best knowledge, on boundary control based on boundary measurement of PIDE systems, there are few results. As been well-known, boundary control, only controlling spatial boundary positions (one endpoint in a one-dimensional spatial domain), has been proposed to solve many control problems with the merit of low cost [22] - [28] . Therefore, it is important to research boundary control based on boundary measurement of semi-linear parabolic PIDE systems, which has new problems to be solved. This paper deals with the problems of exponential stabilization via designing a boundary controller for a semi-linear parabolic PIDE system in a one-dimensional spatial domain. First, a boundary controller based on boundary measurement is designed for exponential stabilization of the PIDE system. It is implemented by controlling and measuring only one endpoint of the one-dimensional spatial domain. Therefore, only one sensor and one actuator are needed in the designed controller. And then, with the Lyapunov direct method and Wirtinger's inequality, a sufficient condition for exponential stabilization of the PIDE system with a given decay rate is proposed. Dealing with a special case, one lemma called Yang inequality is investigated, and a new less conservative sufficient condition is obtained. Moreover, the ranges of the corresponding control gains are given in the proposed theorems. Among these control gains, lower limits are further compared with each other. Finally, a numerical example illustrates the effectiveness of the designed boundary controller.
Notations: Some notations will be used below. I denotes identity matrix with proper order. A negative definite matrix denotes P < 0. · denotes the Euclidean norm for vectors. λ(·), λ max (·) and λ min (·) are the eigenvalue, maximum and minimum eigenvalues, respectively. X T denotes the transpose of X .
II. PROBLEM FORMULATION AND PRELIMINARIES
This study considers a distributed parameter system modeled by semi-linear parabolic PIDEs in a one-dimensional spatial domain as
with the Neumann boundary conditions
and the initial condition
on the domain (
T ∈ R n are respective continuous and the state vector and input vector. L is a real positive scalar. The nonlinear part f (y(x, t)) is a continuous and square integrable function with f (0) = 0. Coefficients , A, B, C ∈ R n×n are real known matrices. is assumed to be positive definite.
Deal with the potentially unstable system relying on parameter values, this paper is to study a boundary controller based on boundary measurement for exponential stabilization of the PIDE system as:
where the control gain d is a real scalar to be designed. Remark 1: For the controller (4), it is worth noting that, on one hand, not the whole state y(x, t), x ∈ [0, L] but only the state at the endpoint y(L, t) is used, and therefore only one sensor is used; on the other hand, the controller u(t) is placed not in the whole state but at the endpoint x = L, and therefore only one actuator is used. The two characteristics make the controller easier to be implemented in practice.
Setting Ay y xx + B x 0 y(s)ds, A is the infinitesimal generator of a C 0 semigroup. Using [29, Ch. 6, Th. 1.7], the PIDE system (1) possesses a unique solution.
Before giving the main results, this paper introduces the following lemmas and assumptions needed after.
Lemma 1 (Wirtinger's Inequality [30] ): For any square integrable vector z with
Lemma 2: For any symmetric square matrices
, P = P 1 0 0 0 and all the blocks with the same order, where P 1 is a symmetric positive definite matrix and Y 2 is an invertible matrix, when
Assumption 1: For any square integrable vector y(x, t), y(x, t), assume there exists a scalar χ > 0 such that the following inequality holds:
To obtain simple and less conservative results, one special case of PIDE systems is assumed as follows.
Assumption 2: Assume that B is a symmetric positive definite matrix.
Lemma 3 (Yang Inequality) : For any square integrable vector y(x, t), a real positive scalar L and a symmetric positive definite matrix B with proper order, the following inequality holds:
Proof: By integrating by parts,
which implies Eq. (7). The proof is complete.
III. MAIN RESULTS
This section first presents exponential stabilization of the PIDE system (1)- (3) (1)- (3) as
By integrating by parts and considering boundary conditions (2) and the controller (4),
whereȳ(x, t) y(x, t) − y(L, t).
Using Lemmas 1 and 2,
Considering Lemma 1 and Assumption 1,
Substituting (11)- (12) into (10),
whereỹ(x, t) [y(L, t), y(x, t)] T , and
in which
Theorem 1: Given the PIDE system (1)- (3) under Assumption 1 and a real positive scalar ρ, there exists the boundary controller (4) with d ≥ c 1 such that the PIDE system is exponentially stable with the given decay rate ρ, if
where
and 22 is defined in (15).
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Proof: λ max ( 22 ) < 0 implying 22 < 0, which is equivalent to that
) according to Lemma 3. Substituting < 0 into (14),V (t) + 2ρV (t) < 0, for all non-zero y(·, t), ensuring the exponential stabilization of the PIDE system (1) by using stability theories. The proof is complete.
Besides Assumption 1, Assumption 2 being further considered, other interesting results can be obtained for the special case of the PIDE system. Making use of Lemma 3 (Yang Inequality) to recalculate (11) with assuming B to be a symmetric positive definite matrix,
Substituting (11), (12) and (18) into (10),
whereỹ(x, t) is defined in (14) and
in which 22 = M +LB, and M , 11 , 22 are defined in (15) . Theorem 2: Given the PIDE system (1)-(3) under Assumptions 1, 2 and a real positive scalar ρ, there exists the boundary controller (4) with d ≥ c 2 such that the PIDE system is exponentially stable with the given decay rate ρ, if
and 11 , 22 are defined in (15) . Proof: The proof is similar to that of Theorem 2 and so it is omitted. The proof is complete.
Remark 2: When the PIDE system (1)-(3) satisfying the both Assumptions 1 and 2, Theorem 2 provides a less conservative sufficient condition compared with Theorem 1 for exponential stabilization due to λ max ( 22 ) < 0 implying λ max ( 22 ) < 0, but not vice versa. That is caused by 22 
When Theorems 1-2 hold meanwhile, the following results discuss how to choose a small control gain. The results can be easily obtained by using matrix theories, and therefore the proofs are omitted. Remark 4: Different from the results of partial differential equation (PDE) systems in [31] - [34] and ODE-PDE systems [35] , this paper deals with the control of the PIDE system for exponential stabilization, which is a new challenge to process the system containing integral terms. Moreover, the results of [31] and [32] are expressed by LMI and give one feasible solution of control gain matrices, while this paper gives the ranges of control gains.
Remark 5: Dealing with PIDE systems, Wang et al. proposed a proportional-spatial integral (P-sI) controller [18] , [19] and Yang et al. proposed a spatial proportionalintegral-derivative (SPID) controller [36] . The two controllers manage to realize stabilization of PIDE systems, and can be implemented by an array of actuators and sensors. This paper designs a boundary measurement based boundary controller, which can be implemented by only one actuator and one sensor at the endpoint x = L. As a consequence, the designed controller in this paper is easier to be implemented in practice.
IV. NUMERICAL SIMULATION
To illustrate the effectiveness of Theorems 1-2, we consider the PIDE system (1)-(3) with y(x, t) = [y 1 (x, t), y 2 (x, t)] T and the following parameters:
and with the initial condition as
Case I: Take
B is not a symmetric positive definite matrix. Therefore, Theorem 1 can be used. As shown in Figure 1 , the equilibriums y 1 (x, t) = 0 and y 2 (x, t) = 0 of the PIDE system (1)- (3) The profiles of evolution of y 1 (x, t ) and y 2 (x, t ) without control in Case I.
FIGURE 2.
The profiles of evolution of y 1 (x, t ) and y 2 (x, t ) with control in Case I.
system (1)- (3) with the parameters (23) and the initial condition (25) , the profiles of evolution of y 1 (x, t) and y 2 (x, t), and the trajectory of the controller u(t) are respectively shown in Figures 2 and 3 . It is clear that the boundary controller (4) can exponentially stabilize the PIDE system with ρ = 0.1.
Case II: Take
B is a symmetric positive definite matrix. Therefore, Theorems 1-2 can be used. As shown in Figure 4 , the equilibriums y 1 (x, t) = 0 and y 2 (x, t) = 0 of the PIDE system (1)- (3) The profiles of evolution of y 1 (x, t ) and y 2 (x, t ) without control in Case II.
FIGURE 5.
The profiles of evolution of y 1 (x, t ) and y 2 (x, t ) with control in Case II. (1)- (3) with the parameters (23) and the initial condition (25) , the profiles of evolution of y 1 (x, t) and y 2 (x, t), and the trajectory of the controller u(t) are respectively shown in Figures 5 and 6 . It is clear that the boundary controller (4) can exponentially stabilize the PIDE system with ρ = 0.1.
V. CONCLUSIONS
This paper has addressed the problem of exponential stabilization for a semi-linear parabolic PIDE system. To achieve exponential stabilization of the PIDE system, a boundary controller based on boundary measurement was designed, only requiring one actuator and one sensor at the interval endpoint x = L. One lemma Yang inequality was proposed to reduce the conservativeness of sufficient conditions on exponential stabilization of a special case of the PIDE system. Moreover, the ranges of the corresponding control gains were given in the proposed theorems. Finally, a numerical example with two cases was given to illustrate the effectiveness and less conservativeness of the proposed methods by using Yang inequality. In future work, the PIDE systems with time-delays and space-varying parameters will be considered. 
